Persistent and radiation-induced currents in distorted quantum rings 
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Persistent and radiation-induced currents in distorted narrow quantum rings are theoretically 
investigated. We show that ring distorsions can be described using a geometrical potential term. 
We analyse the effect of this term on the current induced by a magnetic flux (persistent current) and 
by a polarized coherent electromagnetic field (radiation-induced current). The strongest effects in 
persistent currents are observed for distorted rings with a small number of electrons. The distortion 
smoothes the current oscillations as a function of the magnetic flux and changes the temperature 
dependence of the current amplitude. For radiation-induced currents, the distortion induces an ac 
component in the current and affects its dependence on the radiation frequency and intensity. 

PACS numbers: 73.23.Ra 
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I. INTRODUCTION 



It is well known that a static magnetic flux through a 
mesoscopic ring induces a dissipationless non-decaying 
(persistent) current at low temperature. During the 
last 20 years this persistent current has been heavily in- 
vestigated both from the theoretical and experimental 
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ticular, theoretical investigations were focused on the 
effects of electron-electron interaction, disorder, spin- 
orbit;^ polarized nuclear spinS)^ and shapei^^ More 
recently, the effect of electromagnetic radiation on meso- 
scopic rings has been investigated. It has been pointed 
out that the persistent current can be strongly affected 
by radiationSi and also that radiation can induce a cur- 
rent at zero magnetic Ruxm^t^ In order to break the 
clockwise-anticlockwise symmetry and obtain a current 
at zero flux a radiation with some degree of circular po- 
larization is needed. This can be achieved by a superposi- 
tion of pairs of time-asymmetric, linearly cross-polarized 
picosecond pulses^ or more simply by using circularly 
polarized radiationiSS All these effects were mainly stud- 
ied in systems with perfect ring geometry, i.e. rings where 
the confinement potential does not depend on the az- 
imuthal coordinate. The only exceptions, to our knowl- 
edge, are Refs. |0 and [23, where the persistent current 
in an elliptical quantum ringi^, and the persistent cur- 
rent in a quantum ring on a surface of constant negative 
curvatureSS were considered. 

In this paper we investigate persistent and radiation- 
induced currents in distorted quantum rings. We con- 
sider a narrow distorted ring of uniform cross section ly- 
ing on a plane (Fig. The ring can be composed by 
several segments of different curvature or can have any 
smooth curvature profile. We show that the curvature of 
the ring enters into the Scrodinger equation via a geomet- 
rical potential term of the form Vgeom = —fi^/{8m*R^), 
where R is the radius of curvature. Our model differs 
from the one used in Ref. Il9l where a quantum ring of a 
non-uniform cross section was considered. By choosing a 
uniform cross section the effect of the distorsion can be 
described in a simpler and more transparent way. Our 



paper is organized as follows. In Sect. we derive the 
Schrodinger equation for one electron in a distorted ring 
in the presence of a magnetic flux. We show that, as in 
the ideal case, the wavefunction in the distorted ring is 
a periodic function of the magnetic flux $ with period 
$0- Next, in Sect. IIIll we consider a model where a dis- 
torted quantum ring consists of four constant-curvature 
segments. We find the energy spectrum of such a ring 
and we demonstrate that the geometrical potential Vgeom 
in this case opens gaps in the electron energy spectrum. 
Moreover, we show that the geometrical potential can 
lead to bound states. The oscillation of the persistent 
current, and the frequency and intensity dependence of 
the radiation-induced currents in the distorted ring are 
studied in Sec. IIVI The results of our investigations are 
summarized in Sec. 




FIG. 1: (Color online) Distorted quantum ring consisting of a 
long segment of radius ri and three short segments of radius 
r2- 
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II. EFFECTIVE HAMILTONIAN 

We consider one electron with effective mass m* con- 
fined by a potential Vy (7 denotes the characteristic 
width of Vj) to a, closed curve C on a plane. A uniform 
magnetic field H perpendicular to the plane is applied. 
The Schrodinger equation has the form 

^{p-lA)\ + V,i.^Ei., (1) 

where p is the electron momentum operator and A(r) = 
^[H,r] is the vector potential. Using the property 
div(A) = of this gauge, Eq. |^ can be rewritten as 

^(^-ft2^-2^Ap + ^A2)v + F,^ = i?V. (2) 

Our goal is to obtain an effective one-dimensional 
Schrodinger equation in the limit of a strong transverse 
confinement, i.e. in the limit 7^0. We follow the 
approach proposed in Ref. |^ and subsequently used in 
Ref.il 

Let us introduce the orthonormal coordinate system 
(s, q), where s is the arc length parameter and q is the 



coordinate along the normal n(s). The curve C is then 
described by a vector r(s) as a function of the arc length 
s. In a vicinity of C the position is therefore is described 
by 

R(s,g) -r(s)+gn(s). (3) 

For the sake of simplicitjiS^ we assume that Vj depends 
only on the q coordinate describing the displacement 
from the reference curve C only. 

The Laplacian A in the curvilinear coordinates s and 
q is given by 

A -i — 1— - — h— (4) 
^''^ hdshds hdq dq' 

with 

h = l- kis)q, (5) 

where k{s) — R^^{s) is the curvature. Using the trans- 
formation to the new wave function q) via ip{s, q) = 
x(s, q)/Vh (note, that xi^i <?) is properly normalized), we 
can rewrite Eq. |(2J) as 
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2m* 



hq 
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Aq{s,q) 



d_2_d_ _ hss_ 
ds ds 2/i3 
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d^^2h, 
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5^ 

„2 



dq^ 



X + y-ix = Ex 



(6) 



where hs = dh/ds, hgs = d^h/ds^, kg = dk/ds, 
Aq{s,q) and As{s,q) are the components of A along 
the q and s directions. Next, we make the substitution 



X 



exp 



^f-JAqis,q')dq' 



X, and expand h, Aq{s,q), 



As{s,q) in seri es in q keeping only the zero-order terms 
in q, as in Refs. l24l25l The Schrodinger equation © can 
then be easily separated by setting x{s,q) = i^(g)0(s). 
The usual procedure yields 



2m* ag^ 



(7) 



eh d h^k'^ 

2m* os'^ m*c as 8m 



dAq{s,Q) ^ . eh ^„^Q^fc , 

dq m*c ' ' 2 2to*c2 



Al{.s,0) 



ieh 
2m*c 



.(8) 



In order to further simplify Eq. , we perform the trans- 



formation 



exp 



i^J A,{s' ,Q)ds' 



which 



gives 



92 



2j,2 



2m* ds^ 
ieh 



8m* 



ieh dAs{s,0) 



.eh 

2m*c m*c 2 



2m*c 
k 



ds 

4>is) = Et^is). 



(9) 



Notice that in the curvilinear coordinates (s, q) the di- 
vergence of A is given by 



divA : 



ld_ 

h d. 



1 



-A. 



ld_ 

h dq 



{hAq 



d d 

Consequently, Eq. © reduces to 

h^ d^4> h^k^{s)~ 



kA„ = 0. 



2m* 9s2 



8m* 



(j) = Ei^. 



(10) 



(11) 



Therefore, we have derived two decoupled equations: one 
describing the transverse confinement of electrons in the 
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ring (Eq. lO), and the second describing the longitudinal 
motion of the electron in the ring (Eq. Hill) '). The vector 
potential A does not explicitly appear in these two equa- 
tions. However it will appear in the solution of Eq. I|ll|) 
because of the boundary conditions on (j) specified below. 
The spectrum of Eq. {T)) depends on the particular shape 
of the confinement potential Vy. In this paper we assume 
that the electrons occupy only the lowest subband of the 
transversal confinement. Therefore, the position of this 
energy subband is not important. The curvature of C 
enters into Eq. (|ll|l through the geometrical potential 
term -h^k{sf /Sm* . 

The boundary conditions for cf) are obtained from the 
requirements of continuity of the wave function 4>{s) and 
its derivative, i.e. 0(0) = (l>{L), d(j){0)/ds = d(j){L)/ds 
(L is the ring circumference). Using Stokes' theorem we 
finally obtain 



'0(i), 



9(/.(0) _ d(j){L) 



(12) 



ds ds 

Here $ is the magnetic flux through the area confined by 
C and $0 is the magnetic flux quantum. Eqs. (|12|) imply 
that all equilibrium physical properties of a narrow closed 
loop are periodic in $ with period $o, as in the case of 
a perfect ringi^ 



III. ELECTRON ENERGY SPECTRUM 
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FIG. 2: (Color online) (a) Electron energy levels (in units of 
e = fi^ /{2m*rl)) as a function of flux in quantum rings with 
difi'erent degrees of distortion at ^ = 7r/4. (b) Geometrical 
shape of the distorted quantum rings whose electron energy 
levels are shown in (a). 



In this section we consider the electron spectrum in 
a ring with a dent-type distortion as shown in Fig. ^ 
Geometrically, the curve C of such a ring consists of four 
smoothly connected circular segments. The radius of the 
long segment is ri, the three short segments have the 
same radius r2 (we assume here that r2 < ri ) . The angles 
a and /? are related to ip (for the definition of these angles 
see Fig. ^| as a = 2Arcsin [sin((/3/2)(ri — r2)/(2r2)], (3 = 
ip/2 + a/2. The advantage of a distortion with constant 
curvature segments is a constant geometrical potential in 
each segment. The picture is even more simple since the 
geometrical potential does not depend on the direction 
of bending, i.e. Vgeom is the same for the three short 
segments in Fig. 2] Therefore, we write Eq. (|ll|l for the 
long segment and three short segments as 



2m* ds^ 



Uq4>i = Ei(j)i 



El(l>2 



for < s < I, 



ior I < s < L, 



(13) 
(14) 



2m* ds'^ 

where I — (2/3 + a) r2 is the total length of the short 

segments, i = (27r - ip)n + l,Ua^ ^{''l^l - V^?)- 
The general solution of Eqs. H13II14|) reads 

01 = 5ie*^i^ + 62e-*'=l^ (15) 

.-rk2S^ (16) 



b2 = cie^'=^^ 



C2e 



where ki = 



2m* 
h 



{El -f Uq) and k2 



2m* 
h 



E,. The 



wave functions 01(2) are connected at s = / via 



02(0 J d(j)i{l)/ds — 902(O/5s and at Z = 0, L via Eqs. 
()12|) . From these boundary conditions we obtain a tran- 
scendental equation defining the energy spectrum for un- 
bound states El > 



2cos(27r— ) + 

$0 



fci 
k2 



k2 

ki 



and for bound states 



sin(fciZ) sin(fc2(L — I)) — 
2cos(fciOcos(fc2(L~ /)) = 0(17) 
-Uo <Ei<0 



2 cos 27r 



$0 



fci 



k2 

fci 



sin(fciO sinh(fc2(£ — I)) — 
2 cos(fciO cosh(fc2(i - /)) = 0.(18) 



Here, fc2 = ^^(-Ei). 

The calculated energy levels for weakly and strongly 
distorted rings as a function of the flux are given in 
Fig. 121 It is well known that in perfect rings the energy 
levels are intersecting parabolas. In distorted rings, gaps 
are opened at the points of intersection of the parabo- 
las. This effect is qualitatively similar to the effect of 
disorder i& We emphasize that for a fixed radius of distor- 
tion, the gap decreases for larger values of the intersection 
point energy. At a fixed point of intersection, the gap in- 
creases by decreasing the radius of distortion (i.e. the gap 
is larger in more distorted rings) . Notice finally that due 
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to the distortion the effective circumference of the ring 
increases. This produces negative shifts of the energy lev- 
els which are larger at higher energy. The qualitatively 
new feature of the spectrum is the presence of bound 
states with Ei < 0. Similar bound states were already 
discussed in elliptical quantum rings. It is interesting 
that the transition from unbound to bound states in the 
ring is smooth: the shallow bound states are still sensitive 
to the magnetic flux (Fig. [21 r2/ri = 0.25). In contrast, 
deep bound states have a weak sensitivity to the mag- 
netic flux (Fig. 13 r2/ri — 0.17). Correspondingly, there 
is a finite contribution to the persistent current from the 
shallow bound states, while the contribution from the 
deep bound states is small. 



IV. EFFECT OF THE DISTORTION ON THE 
CURRENT 

A. Persistent currents induced by a magnetic flux 

At non-zero temperature T, the current in the ring is 
given by 



Here, the free energy F = —ksT 



(19) 



1 



ks is the Boltzman constant, and T is the temperature. 
We consider a system with a fixed number of spinless 
electrons N . The chemical potential n that enters into F 
is determined by the equation 



E 



1 



1 _|_ g fcsT 



N. 



(20) 



In Fig. ©J we show the effect of distortion on the 
persistent current in quantum rings with three electrons. 
These results were obtained numerically using Eqs. H20|) 
and (|19|l with the energy spectrum determined from 
Eqs. H17|) and (|18|l . At zero temperature the persistent 
current oscillations in a perfect ring have a saw-tooth 
form. The distortion of the ring produces a smoothing of 
the oscillations due to the opening of energy gaps at the 
intersection points. Fig. ^ shows that the smoothing in- 
creases for larger distortions. Notice that the persistent 
current as a function of the magnetic field flux in the 
distorted ring at T = looks similar to the persistent 
current in a perfect ring at T > 0. 

The distortion of the ring changes the temperature de- 
pendence of the current amplitude. The temperature de- 
pendence of the persistent current and its amplitude in a 
perfect ring with a fixed number of electrons at low tem- 
peratures was derived inS^ using a two-level approach^ 
It was found that at low temperatures the persistent cur- 
rent can be written as2& 



/ = 



2Ne 



sinh7 



cosh 7 \ $0 2 



(21) 
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FIG. 3: (Color online) Persistent current in the ring at T = 0, 
ip = 7r/4, A'^ = 3. Inset: temperature dependence of the 
persistent current amplitude in the perfect and distorted {ip — 
n/4, ri/ri — 0.17) rings. ksT is in units of e. 



where 7 = Ne{^/<^>o - 6/2)/{kBT), e = h^/{2m*r^), 
(5 = if iV is even and 5 = 1 if iV is odd, and the overall 
factor two takes into account the spin degeneracy. The 
temperature dependence of the amplitude of the persis- 
tent current oscillations is given by 



2— — arccosh 

Ne 




(22) 



The comparison of the temperature dependence of the 
persistent current amplitude in the perfect and distorted 
rings is shown in the inset of Fig. |31 While the persistent 
current amplitude in the perfect ring starts to decrease 
at T = 0, the temperature dependence in the distorted 
ring shows an activation energy behavior in the vicinity 
of T = due to the gaps in the energy spectrum. 

In quantum rings with many electrons the main con- 
tribution to the persistent current is due to the electrons 
near the Fermi level. Since the energy gap disappears 
for large values of the intersection point energy, the per- 
sistent current at T = will not be smoothed. Conse- 
quently, the persistent current in a distorted ring with a 
large number of electrons will be as in a perfect ring with 
a radius r* — L/ (27r) in a weaker (for the case of a dent) 
magnetic field B* = BS/S*, where S is the area of the 
distorted ring and S* — 27rr*^. 



B. Current induced by circularly polarized 
radiation 

In a recent paper a novel mechanism for current gen- 
eration in quantum rings was proposed. It was suggested 
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that in the presence of a circularly-polarized continuous- 
wave (cw) radiation the light-dressed ground state of the 
ring is characterized by a non-zero current. The pur- 
pose of this Section is to study the influence of the ring 
distortion on this radiation- induced current. 

Let us consider an electron confined in a distorted ring 
in the presence of circularly-polarized cw radiation. The 
single electron Hamiltonian in the dipole approximation 
reads 

H = Ho + V{t) = - — — + Ugeornis) + eE(i)r(s), 
2m* os^ 

(23) 

where E(t) = EoCOs{ujt)xztEoCOs{ujt)x is the circularly- 
polarized electric field, Eq is its amplitude, and ± cor- 
responds to a± radiation. The distorted quantum ring 
is considered again as made of four constant curvature 
segments, which allows us to use the energy spectrum 



and wave functions of Hq obtained in Sec. IIIII at $ = 0. 
Assuming that the radiation frequency is close to the 
transition between the ground and two first excited lev- 
els, we restrict our attention only to these three levels, 
with energies given by Eq, Ei and -£2- 

The external radiation causes transitions between 
these levels. The electron dynamics in the ring can be 
conveniently described using the a density matrix ap- 
proach similar to the one used in Ref. |2^ for quantum 
dots. The evolution of density matrix p is given by 

thp=[H,p]-r{p}, (24) 

where T{p} represents a relaxation terms. In the rotating 
wave approximation the corresponding equations for the 
density matrix elements are 



Poo = I'Ol-PlO + W02-P20 - POIW1O+ - P02i'20+ + K20P22 + KioPll, 



POl 
P02 = 

PlO = 
P20 = 



Eq — El + huj 

-- 77 PO 

in 

Eq — E2 + huj 

^ ^0- 

in 

P12 

El — Eq — hw 

^ ^1 

in 

E2 ^ Eq — hw _ 

a 

P21 



El — E2 
ih 



E2 — El 
ih ' 



- KloPll 


+ K21P22, 


— K2OP22 


— K21P22, 


- Poowoi- 


- 701 Poi 


- POO^'02- 


— 702P02, 


- PmV02- 


— 712P12, 


- P12W20+ 


- 710P10, 


- P22V20+ 


— 720 P20, 


- P2Q'"Ql- 


— 721P21 



(25) 
(26) 
(27) 

(28) 
(29) 
(30) 
(31) 
(32) 
(33) 



e poi, 



- e P02, 
Kij is the re- 



P02 



Here, the transformations pQi 
Pio = e"*'^*pio, P20 = e"*'^*/52o were used 
taxation rate of diagonal density matrix elements, 7^^- 
is the dephasing rate of the off-diagonal coherences pij. 
Vij± = {i\V {t)\j)e^^'^''^ / (ih) , where (...) denotes an aver- 
aging over a period of V{t). For example, in the case of 
cr_i radiation we obtain 



vqi- 



1 bEq 
ih 2 



(0|a;- 



1 ^^0/11 yin\ 

ih Z I 



The persistent current is calculated using / = Tr 



(34) 
(35) 



PJ 



where j is the standard quantum mechanical current op- 
erator, and p is the steady-state solution of Eqs. H25|) - 
(|33|l . We find that in the distorted rings the current 



operator matrix has a form 



JQ2 
ji2 
320 jl2 



(36) 



with jij — j*^ . Correspondingly, the persistent current is 
given by 



P20J02 ) 



/ = 2Re (p2i ji2 + P20J02) = 2Re (p2iji2 + e 

(37) 

The first term in the right hand side of Eq. H37|l is time- 
independent and will be referred to as the DC component 
of the current, the second term in the right hand side of 
Eq. H37I) is the AC component of the current. In a perfect 
ring j20 — 0, thus an AC component in the current is a 
signature of ring distortion. 

Figs.01and|Slshow the DC component 2Re (p2iji2) and 
the amplitude of the AC component 2|Re (p2ojo2) | of the 
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FIG. 4: (Color online) (a) DC component and (b) the ampli- 
tude of the AC component of the radiation-induced current 
vs photon energy for different distorted rings with the dis- 
tortion parameter <^ = 7r/4 at high radiation power. Curves 
other than r2/ri = 0.99 were displaced for clarity. These plots 
were obtained using the parameters values Kij = 0.001/i/e, 
7ij = O.OOlfi/e, eEon/e = 0.1. 



radiation induced current for two values of the radiation 
intensity and different distortion radii. The exact steady 
state solutions of Eqs. (|25|) - (|33|l for these plots were found 
numerically. In the case of a high excitation power (Fig. 
0} broad current peaks are observed. In the almost per- 
fect ring {r2/ri — 0.99 curve in Fig. 2fa)) the DC com- 
ponent has a single resonance peak. As the distortion 
degree increases, this peak shifts to a higher energy and 
its amplitude decreases (see r2/ri = 0.75 curve). For a 
stronger distortion (r2/ri = 0.5) a second peak appears 
at a lower energy, which is related to the lower energy 
splitted level Ei. At r2/ri = 0.25 and r2/ri = 0.17 an 
additional negative current peak is observed. The am- 
plitude of the AC component of the persistent current is 
zero in the perfect ring. This amplitude becomes different 
than zero in distorted quantum rings with a maximum 
located in the region of the E2 — Eq resonance (Fig. 
The complex dependence of the DC and AC persistent 
current components on the radiation frequency indicates 



FIG. 5: (Color online) (a) DC component and (b) the am- 
phtude of the AC component of the radiation-induced cur- 
rent vs photon energy at low radiation power. All calcula- 
tion parameters are the same with those in Fig. 0] except 
eEon/e = 0.001. 

that significant quantum-interference effects are occur- 
ring. 

The current peaks are narrower in the case of low ra- 
diation power (see Fig.EJ. Fig.EIa) shows that the DC 
component is suppressed in quantum rings with strong 
distortion. In contrast, the amplitude of the AC com- 
ponent becomes non-zero in the distorted rings and in- 
creases with the distortion (Fig. El^b)). The maximum of 
the AC component is located in the region of the E2 — Eq 
resonance, as in the case of the high radiation power. We 
note that the sign change of Re (/52ojo2) is responsible for 
the vertical lines in the peak centers in Fig.l^b). 

In the regime of low radiation power we can find an 
approximate solution of Eqs. (|2Sl-l|2Sl- Eq. (|^ gives 
the following expression for p2o in the first order in Eq: 

ih 

P20 = ? p. ^ «20+Poo- (38) 

E2 - Eq - hhj - 1/1720 

Similarly, from Eq. H28|) pqi in the first order in Eq can 
be found. This expression for poi together with Eq. H38|) 
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and Eq. (|33() yields in the second order in Eq 



ih 



E2 — Ex ~ i/1721 



ih 



ih 



E2 — Eq — huj — 

woi-i^20+Poo • (39) 



El — Eq — huj — ihjol 

We have found that the persistent current components 
calculated from Eqs. ((23, with po,o = 1 per- 

fectly coincides with the persistent current components 
calculated numerically in Fig. |S1 In the case of a perfect 
ring the current can be seen as a X2 effect. The presence 
of a distorsion induces a Xi term which corresponds to 
the AC component. 



V. CONCLUSIONS 

In conclusion, we have investigated persistent and 
radiation-induced currents in quantum rings with distor- 
tions. We have derived an effective Schrodinger equa- 
tion describing electrons in a narrow distorted quantum 
ring (closed loop) in the presence of an external mag- 
netic field flux. We have shown that the electron en- 
ergy spectrum is a periodic function of the magnetic flux. 
The ring curvature enters into the effective equations 
through a geometrical potential term. We have solved 
the equations in the case of a distorted ring consisting of 
four constant-curvature segments. We have considered 



the effect of the ring distortion on the magnetic flux- 
induced and radiation-induced currents. It was found 
that the effect on the flux-induced persistent current is 
more pronounced in quantum rings with a small number 
of electrons and lower chemical potential. The gaps at 
the points of intersection of the energy levels lead to a 
smoothing of the persistent current oscillations and to a 
different temperature dependence. The persistent cur- 
rent in a distorted ring with a large number of electrons 
behaves like in a perfect ring with a different radius in a 
renormalized magnetic field. 

We have also found that the ring distortion affects 
radiation-induced currents. Using a density matrix ap- 
proach and the rotating wave approximation, it was 
found that the current in distorted quantum rings ac- 
quires an AC component, in addition to the DC compo- 
nent characteristic of perfect rings. The frequency depen- 
dence of the DC component is modified by the distortion 
and shows several peaks of different sign. The frequency 
of the AC component is equal to the radiation frequency 
while its amplitude increases with the distortion. Finally, 
we remark that the non-trivial dependence of the DC per- 
sistent current component on the radiation frequency can 
be useful for quantum control schemes involving localized 
spins, as suggested in Ref. 

We thank Prof. M. Dykman for many fruitful dis- 
cussions. This research was supported by the National 
Science Foundation, Grant NSF DMR-03I249I. 



^ A. G. Aronov and Y. S. Sharvin, Rev. Mod. Phys. 59, 755 
(1987); I. V. Krive and A. S. Rozhavsky, Int. J. Mod. Phys. 
6, 1255 (1992). 

^ J. Splettstoesser, M. Governale, and U. Ziilicke, Phys. Rev. 

B 68, 165341 (2003). 
^ I. D. Vagner, A. S. Rozhavsky, P. Wyder, and A. Yu. 

Zyuzin, Phys. Rev. Lett. 80, 2417 (1998). 

* S. N. Shevchenko, Yu. V. Pershin, and I. D. Vagner, Phys- 
ica E 24, 82 (2004). 

^ T. V. Shahbazyan and S. E. Ulloa, Phys. Rev. B 55, 13702 
(1997). 

T.-Z. Qian, Y.-S. Yi, and Z.-B. Su, Phys. Rev. B 55, 4065 
(1997). 

M. Biittiker, Y. Imry, and R. Landauer, Phys. Lett. 96A, 
365 (1983). 

* H. F. Cheung, Y. Gefen, E. K. Riedel, and W. H. Shih, 
Phys. Rev. B 37, 6050 (1988). 

^ Y. Meir, Y. Gefen, and O. Entin-Wohlman, Phys. Rev. 

Lett. 63, 798 (1989). 
° O. Entin-Wohlman, Y. Gefen, Y. Meir, and Y. Orog, Phys. 

Rev. B 45, 11 890 (1992). 
^ H. Mathur and A.D. Stone, Phys. Rev. B 44, 10957 (1991). 
^ L.P. Levy, G. Dolan, J. Dunsmuir, and H. Bouchiat, Phys. 

Rev. Lett. 64, 2074 (1990). 
^ V. Chandrasekhar, R.A. Webb, M.J. Brady, M.B. Ketchen, 

W.J. Gallagher, and A. Kleinsasser, Phys. Rev. Lett. 67, 

3578 (1991). 

* D. Mailly, C. Chapelier, and A. Benoit, Phys. Rev. Lett. 



70, 2020 (1993). 

P. Mohanty, Ann. Phys. 8, 549 (1999). 

E. M. Q. Jariwala, P. Mohanty, M. B. Ketchen, and R. A. 

Webb, Phys. Rev. Lett. 86, 1594 (2001). 
" D. Loss and T. Martin, Phys. Rev. B 47, 46194630 (1993). 

D. Wohlleben, M. Esser, P. Freche, E. Zipper, and M. 

Szopa, Phys. Rev. Lett. 66, 31913194 (1991). 

L. I. Magarill, D. A. Romanov, and A. V. Chaplik, Zh. 

Eksp. Teor. Fiz. 110, 669 (1996) [JETP 83, 361 (1996)]. 
^° D. V. Bulaev, V. A. Geyler, and V. A. Margulis, Phys. 

Rev. B 69, 195313 (2004). 

V. Gudmundsson, C.-S. Tang, and A. Manolescu, Phys. 

Rev. B 67, 161301 (2003). 

Yu. V. Pershin and C. Piermarocchi, |cond-mat/050200l] 
A. Matos-Abiague and J. Berakdar, Phys. Rev. Lett. 94 
166801 (2005). 

R. C. T. da Costa, Phys. Rev. A 23, 1982 (1981). 

S. N. Shevchenko and Yu. A. Kolesnichenko, JETP 92, 811 

(2001). 

Yu. V. Pershin and I. D. Vagner, J. Comput. Theor. 
Nanoscience (in press). 

I. D. Vagner, T. Maniv, and E. Ehrenfreund, Phys. Rev. 
Lett. 51, 1700 (1983). 

Quantum Coherence, Correlation and Decoherence in 
Semiconductor Nano structures, edited by T. Takagahara 
(Elsevier Science, Oxford, 2003), ch. 9. 



